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On fracture initiation in a material  w i th  an 
ellipsoidal inclusion 
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Fracture initiation at the interface of an inclusion in a metallic material both at room 
and elevated temperatures, using the equivalent inclusion method, is discussed 
theoretically. It is shown that the critical strain for fracture initiation at the interface 
of the inclusion is strongly affected by shape, size, orientation and rigidity of the 
inclusion, and by the presence of external stress. Dynamic recovery by diffusion of 
atoms has a large effect on the decohesion at the inclusion-matrix interface in the 
high-temperature range. Fracture initiation of a brittle material strengthened with 
strong fibres is also discussed. 

1. I n t r o d u c t i o n  
Most non-metallic inclusions contained in 
metallic materials are usually very hard to 
deform and often become the origin of  fracture 
in those materials. 

Mori et al. [1, 2] discussed fracture initiation 
at the interface of  a spherical, fibre or disc inclu- 
sion during tensile deformation of the material, 
using the equivalent inclusion method [3]. How- 
ever, little work has been performed on fracture 
initiation at the interface of  an ellipsoidal inclu- 
sion with arbitrary aspect ratio [4] or on the 
decohesion at the interface of  the inclusion in the 
high-temperature range where recovery due to 
diffusion of atoms occurs [5]. 

In this study, a theoretical discussion was 
undertaken on the effects of  several factors, 
including shape, size, orientation and rigidity of  
an inclusion, on fracture initiation at the 
inclusion-matrix interface both at room and 
elevated temperatures, using the equivalent 
inclusion method and the results of  a previous 
study [6]. 

In a ceramic strengthened with strong fibres, a 
large tensile stress (internal stress) occurs in the 
fibres in the matrix, causing either decohesion at 
the interface of  fibres or fracture of  the matrix as 
a result of  phase transformation or difference in 
thermal expansion between fibres and matrix [7]. 

Fracture initiation in a brittle material is also 
discussed. 

2. Stress and energy conditions for 
f racture init iation 

The deformation of a metallic material with an 
ellipsoidal inclusion ((x~ + xZ~)/a 2 + x~/c 2 = 1; 
volume of inclusion, V = 47~a2c; aspect ratio, 
x = e/a) is considered. The elastic constants 
of  the inclusion, C,~t, are different from those 
of  the matrix, Co u. Fig. 1 shows an ellipsoidal 
inclusion in the matrix. It  is considered that a 
uniform plastic deformation (e*3 = 5", e*l = 
e*2 = - 5*/2 in (Xl, x2, x3) coordinates) occurs 
only in the matrix due to an applied tensile stress 
a~3. The stress state in this case is identical to 
that when the eigenstrains, 5*3 = -  25"1 = 
-25*2  = - 5 " ,  occur only in the inclusion 
under an applied stress, cr3a3 [3]. The total stress in 
an inclusion, a~, is the sum of the internal stress 
with the eigenstrains (~r,~)~nt (plastic deformation 
effect) plus the disturbed applied stress field due 
to rigidity effect, (aU)i,h. The stress condition for 
fracture initiation at the interface of  the inclu- 
sion is satisfied [1] when 

0"~3 = (O'~3)int + (O'~3)inh ~ Er o r  E/IO 
(1) 

where E* = 2#*(1 + v * ) a n d  E = 2/~(1 + v) 
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Figure 1 An ellipsoidal inclusion and  Car tes ian  coord ina te  
system. 

are Young's  modulus of  the inclusion and that 
of  the matrix, respectively. The critical strain for 
stress condition, e *s, can be calculated from 
Equation 1. The stress components  are obtained 
by the equivalent inclusion method [1-3, 7]: 

* C 
(O'~')int Cqkl(e~l-  ek~ ) = C~kt(ek,-  e,k* ) 

(2) 

c, * G )  (o'S)in h = Cok,(ekl + ekl -- 
* C" = Cukl(ekl -I- e A) (3) 

= Sklmnemn, e~l SklmneTn and ek, where  e~l T " = A = 
a Here Skt,.. is the Eshelby tensor [3], and CG) % .  

T and T' A respec- e~, emn are functions of  e~ and eke, 
tively. The internal Stresses immediately after 
fracture initiation can also be calculated by 
Equations 2 and  3, provided that  the elastic 
constants of  the inclusion after decohesion are 
given as follows [1]: 

C,*,,  = C~2= = E * / ( 1 -  v .2)  

= C2211 -- C,*= * -- v * E * l ( 1  -- v .2)  
(4) 

C3333 = C1~33 = C3~11 

C3322 = C2233 = 0 

The Gibbs free energy of  the material with an 
inclusion before and after decohesion, G~ and G2 
respectively [1], are given by 

G 1 = 1 A I # e * Z v  + BIO'A3 e* g 

-I- /)lO'3A2/2/.t -t- S}' 1 M ( 5 )  

G2 = 1 A 2 # g * Z v  q- B20A3 e* V 

if- /)2Cr3A2/2# if- 8 ( 7 ,  q- ])M) (6 )  

Here the first and second terms are the elastic 
strain energy and the interaction energy between 
internal stress field and external stress, respec - 
tively, and the third term is the energy term 
associated with the rigidity effect. A, B a n d / )  are 
shape factors, given in the Appendix. Subscripts 
1 and 2 in these equations denote quantities 
before and after the initiation of fracture, respec- 
tively. S is the surface area of  an inclusion. ];1,7M 
and 7~ M are the surface energies of  the inclusion 
and of the matrix and the interface energy per 
unit area, respectively. It was assumed that 
Poisson's ratio of  the inclusion, v*, is the same as 
that of  the matrix, v, and that 

~M = Eao/ lO = #(1 + v)ao/5 

71 = #*(1 + V)ao/5 

where a0 = 3.61 x 10 l~ is the lattice con- 
stant of  the inclusion and the matrix, and 

7 , - M  = 17M - ~ [1 ] .  
The energy condition for fracture initiation is 

satisfied if G~ > G2 [1]. The critical strain e *e for 
G~ = G2 is given by 

{ 4(1 + v)aoS_~ .12 
nl -- B2 O3A3 -l- ~ 5 ~  1 ~ A2 ) V )  

e*e - Ai - -  A 2  # 

for #* > # (7) 

(4m(1 + v ) aoS )  li2 
B, - + \ g Z ,  A-77 -) ec *e - -  A1 - -  A 2 # 

for #* ~< # (8) 

where m = #*/#. The energy condition is satis- 
fied when e* > ~.e. Here a3A3 should be replaced 
by aA~ and the permutat ion of indices should be 
applied to the quantities in Equations 1 and 4 to 
8 when the external stress is a~l and the eigen- 
strains are e*l = - 2g '2  = - 2g~3 = - g*.  

Figs. 2 and 3 show the result of  calculation by 
Equations 7 and 8. The volume of an inclusion 
is kept constant (V = ]~a2c  = ~ a  .3 = con- 
stant) in this calculation. Both e,s and e *e are 
strongly affected by aspect ratio (x = c/a), 
orientation and rigidity of  the inclusion. Both 
the energy and stress conditions are satisfied 
when e* > e *e and e* /> e *s. e *~ is independent 
of  particle size (full curves), but e *e increases 
with decrease of  particle size (broken curves). 
The effect of  applied stress on e *e and e *~ is also 
dependent on x, m and orientation of the 
inclusion. 
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Figure 2 R e l a t i o n  b e t w e e n  a spec t  r a t i o  (x) a n d  t he  c r i t i ca l  s t r a i n  f o r  f r a c t u r e  i n i t i a t i o n  a t  t he  i n t e r f a c e  o f  a n  i n c l u s i o n .  

3. Ef fect  of dynamic  recovery  on 
f rac ture  ini t iat ion at the  
in ter face  

The recovery effect due to diffusion of atoms on 
fracture initiation at the interface of the inclu- 
sion should be taken into account at elevated 
temperatures. The relationship between the 
eigenstrain e* and the observed plastic strain 

during the deformation, s, under a constant 
(plastic) strain rate, 4, is given by [6] 

~* = @/C)[1  - e x p ( - C e / Q ]  (9) 

The value of  C is dependent on temperature, on 
shape and size of the inclusion and on dynamic 
recovery process [6], as shown in Table I. Using 
Equation 9, the critical strain for the stress 

T A B L E  I R e l a t i o n  b e t w e e n  C a n d  a s p e c t  r a t i o  x 

e~ = - 28~ = - 28~ = - 8" 8" l = - 28* 2 = --  28"33 = - 8* 

x < l  x = l  x > l  x X 1  

C / ( 9 A , # ~ D v ' ]  1 

' 
C �9 ~ a,-- w 

1 1 x 2/3 
_ _  i 

a .2 a*2x4/3 a .2 

I 1 (1 + x)  
a .3 a*3x 2a  .3 
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Figure 3 Effect of par t ic le  size on the cri t ical  s t ra in  for f racture  in i t i a t ion  at  the interface of  an  inclusion,  

condit ion,  esc, and that  for the energy condit ion,  
e~, in this case are respectively given by 

e~ - (g/C)  In (1 - Ce*' / i )  (10) 

~ = - ( ~ / C ) l n ( 1  - c~*~/~) (11) 

Figs. 4 and 5 show the relation between e~, ~s c 
and x where dynamic  recovery due to vol- 
ume diffusion or grain bounda ry  diffusion is 
taken into account.  The numerical  values used 
in this calculation are Dv = 8,30 x 10- ' s in  2 
sec --1 ( 1 0 7 3 K )  [6], DGB = 1.15 X 10-14m 2 

sec - '  (873 K) [8], grain boundary  thickness 
6 -  2b = 5.10 x 10-~~ mola r  volume o f  
the matrix ~ = 7.10 x 10-6m 3, /z = 5.83 x 
104MPa [6], v = 0.30 and L = 1.33 x 10 -4 
sec -~. The volume o f  an inclusion is also kept  
constant  in the calculation. Strains gc and e~ are 

both  dependent  on size, shape and orientat ion o f  
the inclusion and on the recovery process. 

4. S t r e s s e s  at  t h e  i n t e r f a c e  o f  an  
i n c l u s i o n  

Stress componen t s  just  outside an inclusion can 
also be obtained as a function o f  Eshelby tensor. 
The stress componen t s  arising from the rigidity 
effect have been calculated by other  investi- 
gators [9, 10]. The stress components  respon- 
sible for fracture initiation are shown as follows. 

4.1. Inclusion wi th  eigenstrains, 
2~" 2 *  ~* 8*  3 = -- 8 1 -~ -- 822 = -- , 

under an applied stress, 0";3 

At equator  points  o f  an inclusion ((a, 0, 0) and 
so on), the stress c o m p o n e n t  due to plastic de- 
format ion  effect, (a~)i,t, and that  arising f rom 
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0 -M the r igidity effect, ( 33)inh, a r e  given by 

2# 
(O~)in, = 

1 - 2 v  
--[(2V Xl,ll §  1122> + v>  31, 

_ V 2 

,_v) eq 

2t~ I ( 2 v ( S l l l l + S l 1 2 2 ) + 2 ( l _ _ v ) S 3 3 1 1  (a~3)inh - 1 - -  2 ~  

( v 2 ) ]  
+ 21JSll33 + (l  - -  Y)$3333 1 - v e~3 + a3A3 

The  stress c o m p o n e n t s  at  po l a r  po in t  (0, 0, c) 
are given by  

v ) e~, 
1 v 

v ) e~l 
1 v 

2m/.z {[2v(Sl,ll + 81122) +2(1 - -  v)g3311]eTl (o'M)int = (O'~3)int --  1 ~ 2Y 

(12) 

+ [2V31133 + (1 - -  10833331e3T3 + (1 - -  2v)e*} 

2m/, {[2v(Slu, + S1,22) + 2 ( 1  -- v)S3311]e~i (G~3)inh - -  1 -- 2v 

(13) 

where  

+ [2vS,133 + (1 -- v)S3333]eT3 + (1 + v)(1 --  2v)e)3} 

e~ 

e~, 

T' 
C33 

m[(1 - m ) ( S l l l l  + Sl122 + $3311 ) - -  1]/~# 
(1 -- m)2F(x) - (1 --  m)G(x)  + 1 

m[1 - (1 - m)(251,33 + $3333)]e* 
= e~2 = 2[(1 - m)2F(x) - (1 - m)G(x)  + 1] 

(1 - m ) [ l  - (1 - m)(2vS331~ + Su,1 + S,122)]eA3 
(1 -- m)2F(x) -- (1 --  m)G(x)  + 1 

= el2 = (1 - m)[ ( l  - m)(vS3333 + 51133 ) - -  vler eTi 
(1 - m)2F(x) - (1 --  m)G(x)  + 1 

F(x) = (51111 + 51122)53333 - -  25113353311 

G(x) = S1111 + 51122 + 53333 

eA3 = rrA3/E 

4 . 2  I n c l u s i o n  w i t h  e i g e n s t r a i n s ,  
G = - 2 ~ ' 2 = - 2 5 ~ 3 = - e * ,  
u n d e r  a n  a p p l i e d  s t r e s s ,  a~1 

The  stress c o m p o n e n t s  at  (a, 0, 0) are  expressed 
by 

2m# 
(o"M)'~t = (O'l'l)~"~ -- 1 7 2V {[(1 -- V)Sllll 

+ Y($1122 + S331,)]e~, 

+ [(l --- Y)SI122 + V(Slll l  + SB311)]eT2 

+ (S1133 + vS3333)e3T3 + (1 - -  2v)e*} 

(C)in. = 

(14) 

2m# 
(O'lll)inh --  1 - 2v {[(1 - v)S,,l, 

+ v(5,,22 + S~l,)]G 

+ [(1 - v)S,,22 + V(Sl,ll + S3310]e2W2 

+ ($1i33 + vS3333)e~3 

+ (1 + v)(1 - 2v)eA~} (15) 

The  stresses at  (0. a. 0) are given by  

2 .  [(•(81122 + 33311) (a~)i.t  -- 1 - -  2v 
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Figure 4 Relation between aspect ratio and the critical strain for fracture initiation at the interface when dynamic recovery 
by diffusion of atoms is taken into account. 
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where 

ell 
m[(1 - m)2H(x) + (1 - m)I(x) - 218" 

2[(1 - rn)U(x) + 1][(1 - m ) 2 F ( x )  - -  ( 1  - m)G(x) + 1] 

m[(1 -- m)ZJ(x) - (1 - m)L(x)  + 118" 
e~2 = 

2[(1 -- m)U(x) + 1][(1 -- m)2F(x) -- (1 -- m)G(x) + 1] 

m[1 -- (I - m)T(x)]8* 
e3S3 = 

2[(1 - m)2F(x) - (1 -- m)G(x) + 1] 

(m - 1)[(1 - -  m )  2 V(x) + (1 - -  m)W(x)  - 1]e A, 
eTl 

[(1 -- m)U(x) + 11[(1 - m)ZF(x) - (1 - m)G(x) + 1] 

(m - 1)[(1 - -  m ) 2 X ( x )  - (1 - m)Y(x)  + vie A, 
e~2 = 

[(1 - m)U(x) + 11[(1 - m)2F(x) - (1 - m)O(x) + 1] 

(m - 1)Iv - (1 - m)Z(x)]e A, T' 
e33 (1 - m)ZF(x) -- (1 -- m)G(x) + 1 

n ( x )  = 8,~33(3833,, + 8 , , 2 2 -  S , , , , )  - 83333(23,,,,-+- 8,,22 ) 

I(x) = 28,1,1 + 283333 + S,,22 + $1,33 

J ( x )  = 8 3 3 3 3 ( 2 8 , , 2 2  + 8 , , , , )  - -  8 , , 3 3 ( 3 3 3 3 , ,  + 8 1 , , ,  - -  3 , , 2 2  ) 

L(x) = 2S1122 --{- S I I I I  + 33333 - -  SI133 

T ( x )  = S l l l l  -+- SI122 -{- $3311 

U(x )  -~- 81122 - -  8 1 l l l  

V ( x )  = 8113383311 - -  8333381111 ~- Y[81133(83311 -]- 31122 - -  81111 ) - -  8333391122 ] 

W ( x )  = Sl l l l  ~- 33333 + v(Si,22 -{- 81133 ) 

X ( X )  = 8333381122 - -  SII3383311 --{- Y[$333381111 - S,133($3311 -+ Sl , l l  - $1122)] 

Y(X)  = 81122 -{- Y ( S I I l l  q-  93333 - -  81133 ) 

g ( x )  ~-- 83311 -{- Y(SI , I ,  71- $1122 - -  $3311 ) 

e A, = .?~/E 

The Eshelby tensor, 8~;,  is given elsewhere [3, 
11, 12]. Fig. 6 shows the stress componen ts  at 
the interface o f  an inclusion calculated by the 
above equations.  Those  values are normalized 
by an external stress (oA3 or  O'A,) or  E~* in this 
figure. The stress values o f  (a~)~n~ and (a~)i.h at 
polar  point  B ((0, 0, c)) are greater than those at 
equator  points A ((a, 0, 0)) and C ((0, a, 0)) at 
large values o f  the aspect ratio (x )  when O'A3 is an 
external stress. Fracture  initiation can occur at 
polar  point  B in this case. Both (o-~)im and 
(a~)inh have max i m um  values at A for small 
values o f  x when a A, is applied. Therefore,  
decohesion at the interface o f  an inclusion can 
be initiated at this point  o f  an inclusion o f  small 
aspect ratio. Shibata  and Ono  [4] considered 
that  decohesion at the interface o f  an inclusion 

(18) 

o f  small aspect ratio (x) occurs at point  A 
(or C) due to the plastic deformat ion  effect 
((O'~)int) with eigenstrains, e*3 = -  28*, = 
--28*2 = -- 8", under  an external stress, o-}3 . 
But this is improbable  because (0-~)~nt is negative 
at that  point  in this case. Their result clearly 
conflicts with the experimental observat ion o f  
steels with oblate MnS inclusions deformed at 
room temperature  [13]. As is known  f rom Figs. 
4 and 5, even at high temperatures the decrease 
in stress concentra t ion due to recovery by dif- 

�9 fusion of  a toms is smaller at larger aspect ratio 
when the eigenstrains are 8*3 = -  28"1 = 

- 28*2 = - 8", while it is larger at larger aspect 
ratio when 8~ = - -  2 8 *  2 = - -  2 8 *  3 = - -  8* .  

The effect o f  recovery on  stress concentra t ion is 
smaller for larger particle size. It  was suggested 
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Figure 5 Effect of particle size on the critical strain for fracture initiation at the interface when dynamic recovery by diffusion 
of atoms is taken into account. 

that void formation at the interface of  an inclu- 
sion clearly depends on its shape and size also 
in the high-temperature deformation of  a cobalt- 
base superalloy [14]. 

5. Fracture initiation of 
fibre-reinforced composite 
materials 

Decohesion at the second phase-matrix inter- 
face or fracture in the matrix can be caused by 
internal stresses induced by transformation of  
the second phase or by differences in thermal 

expansion between the second phase and the 
matrix upon cooling from high temperatures [7]. 
The equivalent inclusion method is also appli- 
cable to the understanding of  fracture initiation 
of  composite materials containing a large 
amount  of  high-strength fibres (x = c/a ~> 1, 
V = 4feaZe) when the eignstrains ~'1 = e*2 = 

pe* and ~'3 = re* occur only in the fibres. If the 
interaction among the fibres and the image force 
term are taken into account [15], the internal 
stresses and the elastic strain energy, Eej , are 
given by 

Glt 

o-~3 - 

Eet = 

= cry2 _ 2 m ( p  + r v* )# e *  (1 - - f )  
1 - -  2 v *  + m 

_ _ 2 m{2 p v *  + r[m(1 + v*) + 1 -- v*]}#e* (1 - - f )  
1 - -  2 v *  + m 

Nml~e*ZV {2p 2 + 4v*rp  + rZ[m(1 + v*) + 1 - v*]) (1 - f )  
1 - 2 v * , y + -  m 

(19) 
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Figure  6 The stress componen t s  at  the interface o f  an  inclusion. 

where N is the number of fibres. The stresses just 
outside a fibre in (R, 0, z) coordinates (z-axis 
parallel to x3-axis) are obtained by the elastic 
solution of  a cylinder under internal pressure 
and axial stress [16], provided that the fibre is 
extremely long. The stress components in the 
middle portion of  a fibre are given by 

where d++ is independent of R. The absolute 
values of  do and dR have maxima at R = a. 
Decohesion at the interface of  the fibre can 
occur when e* < O, while fracture of  the matrix 
is expected when e* > O. 

d o ) R =  a : 

d R ) R =  a - -  

2m(p + rv*)#e* 
1 - 2 v *  + m 

(1 + f )  

2m(p + rv*)#e* 

1 - -  2 v *  + m 
(1 - f )  ( 2 0 )  

(7 z 
2m{2pv* + r[m(1 + v*) + 1 -- v*]}#e* 

1 - 2 v *  + m 
f 
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5.1. Decohes ion  at the interface of the 
f ibre (e* < 0) 

It is considered here that  the stress condi t ion for 
decohesion at the interface o f  the fibre is satisfied 
when the internal tensile stress exceeds E * / 1 0  or  
E/IO. As for the energy condit ion,  it is assumed 
that  the condi t ion is fulfilled when the elastic 
strain energy becomes greater than the increase 
o f  surface energy due to decohesion,  namely 

E e ~ / U -  S(7, + 7M - 7,-M) > 0 (21) 

where S - -Tc2ac .  For  isotropic eigenstrain 
(p  = r = 1), decohesion is caused by the axial 
internal stress a~3 of  a fibre, because o'~3 > ~lH 
(or a~2) when m > 0. 

Fig. 7 shows the values of  the critical strains 
for both  condit ions calculated f rom the above 
equat ions plot ted against  the radius o f  the fibre 
f o r  v* = v = 0.30 a n d f - -  0.10. Both  critical 
strains have max imum values when m = 1. For  
uniaxial eigenstrain (p  = 0, r = 1), the mag- 
nitude o f  cry3 is also important .  In contrast ,  the 

stress condi t ion is defined by (~l (=a~2)  for 
biaxial eigenstrain (p  = l, r = 0), since all, 
( = ~ 2 )  > (~3- Fig. 8 shows the value o f  the 
critical strains for v* = v = 0.30 a n d f  = 0.10 
plotted against fibre radius. The value o f  m has 
little effect on the critical strains for p = 0 and 
r = 1 when m < 1 and f o r p  = 1 and r = 0 
when m > 1. 

5.2. Fracture ini t iat ion in the matrix 
(e* > O) 

The fracture o f  brittle matrix can be induced by 
thermal stress or  t ransformat ion  of  the second 
phase. Fracture  o f  the matrix normal  to the 
0-direction (in z-O plane) occurs only when 
p = 1 and r = 0, because (~0)R=~ is always 
greater than az (Equat ion 20). In contrast ,  frac- 
ture o f  the matrix is expected to occur  vertically 
to the fibre axis when ~z > (a0)R=a" This type o f  
fracture can occur  for  p = 0 and r = 1 if 

v* - f (1  - 2v*) 
m > (22) 

(1 + v * ) f  
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Figure 8 Relation between fibre 
radius and the critical strain for 
fracture initiation with aniso- 
tropic eigenstrain. 

Fracture can also occur for isotropic eigenstrain 
(p = r = 1) if 

1 
m > ~ >/ 1 (23) 

The axial stress in the matrix of  the material is 
very large for isotropic eigenstrain when the 
rigidity of the second phase is much higher than 
that of  the matrix (large m). For  example, in 
concrete structures strengthened with steel bars 
(m - 10), fracture of  the concrete matrix with 
low tensile strength (usually lower than 
5 • 10 5E) can occur to the large axial stress 
induced by a slight volume increase of steel bars 
as a result of  oxidation or by the constriction of 
the concrete matrix during drying [17]. The axial 
internal stress in the matrix, az, increases with 
increase of  the volume fraction of  steel bars 
(Equation 20). Therefore, care should be taken 
in the material design of  concrete structures as 
well as in the protection of  steel bars from severe 
oxidation. 

6 .  C o n c l u s i o n  
Fracture initiation at an inclusion in a metallic 
material both at room and high temperatures 
has been discussed theoretically using the equi- 
valent inclusion method and the results of analy- 
sis of a previous study. 

It was shown that the critical strain for frac- 
ture initiation at the inclusion-matrix interface 
is strongly affected by shape, size, orientation 
and rigidity of  the inclusion, and by the presence 
of external stress. Dynamic recovery by the dif- 
fusion of  atoms, which is also dependent on 
several factors including size, shape and orienta- 
tion of  the inclusion, and so on, has a noticeable 
effect on decohesion at the interface of  the inclu- 
sion in the high temperature range. 

Fracture initiation of a brittle material 
strengthened with strong fibres was also pre- 
dicted using the equivalent inclusion method 
when isotropic or anisoptropic eigenstrain 
occurs only in the fibres. 
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A p p e n d i x  
T h e  v a l u e s  o f  A~ ,  B~ a n d / 9 ~  b e f o r e  

f r a c t u r e  i n i t i a t i o n  can  b e  c a l c u l a t e d  
u s i n g  t h e  E s h e l b y  t e n s o r ,  So.k~ 
[ 1 - 3 ,  7, 11 ,  1 2 ]  

A .1 .  I n c l u s i o n  w i t h  e i g e n s t r a i n s ,  
e;3 = - 2e;1 = - 2 6 ~ 2 =  - e * , u n d e r  
an a p p l i e d  s t ress,  r 

A I - 

3 ~ m 

w h e r e  
e~3 - m F  d (x) ~* /Edb (X) 

eT1 = e~2 = mFb(X)e*/[2F,.,b(X)] 

Fab(X ) = (1 --  m)Fa(x) 4- r b ( x )  

F.,(x) = (1 - v)[(S,, , l  4- S,,22)(1 - $3333) 

4 -  25331151133] - -  2v51133 

- - 2m (S,~,~ 4- S,122 - 2533~) ~ -  + (Su33 - $3333) ~ -  - 

m[(1 - m)(S , , , ,  + S,,22 4- $33,,) - 1] 
(1 - m)ZF(x) - (1 - m ) G ( x )  4- 1 

(1 - m ) [ 1  - (1 - m)(2vS33,, 4- S~,~ 4- S~22)] 

2(1 4- v)[(1 - m)2F(x)  -- (1 - m)G(x )  + 1] 

(A .1 )  

A.2 .  I n c l u s i o n  w i t h  e i g e n s t r a i n s ,  
e1"1 = - 26~2 = - 263"3 = - ~*, u n d e r  
an a p p l i e d  s t ress,  CA 

A, - m ((51122 4- 53311 - -  251111 ) e~, 

4- ($3333 - $ I , 3 3 ) ~ - - 3  eT3 ./'~ 

4- (53311 4- S l l l l  - -  251122)e~2 

BI  

/3, 

m[(1 - m) 2H(x)  4- (1 - m) I(x)  - 2] 

2[(1 - m ) U ( x )  4- 1][(1 - m)2F(x)  - (1 - m ) G ( x )  4- 1] 

(m - 1)[(1 - m)2V(x)  4- (1 - m ) W ( x )  - 1] 

- - 2(1 4- v)[(1 - m ) U ( x )  4- 1][(1 - m)Zr(x)  - (1 - m ) G ( x )  4- 1] 

(A .2 )  

A2, B2 a n d / 3 2  i m m e d i a t e l y  a f t e r  f r a c t u r e  in i t ia-  
t i on  a re  a l so  e x p r e s s e d  b y  the  E s h e l b y  t e n s o r  
[1-3 ,  7, 11, 12]. 

A.3 .  I n c l u s i o n  w i t h  e i g e n s t r a i n s ,  
633" = - -  2~:~1 = -- 262* 2 = -- 6", u n d e r  
an a p p l i e d  s t ress,  ~ 3  

2 m ( 1  4- v) 
A2 - 

1 - v 

mFd(x) 
B2 = (A.3)  F,.b(x) 

/)2 - -  
1 

2(1 + v)E,b(X) 

x [(1 - - m ) F o ( x )  - (1 + v)(1 - 2v)] 

Fb(x) = (1 -- v)($3333 - 1) + 2vS~133 

F A x )  = (1 - v ) (5 , , , ,  + s,,22 

+ 2vS3311) - 2v 2 

Fa(x) = v(S, l l l +  S,,22 - 1) + (1 - Y)$3311 

A . 4 .  I n c l u s i o n  w i t h  e i g e n s t r a i n s ,  
~* 2 * 2 * * u n d e  6 1 ~-- - -  $ 2 2  "-~ - -  633 = -- e , r 

an a p p l i e d  s t ress,  ~ 1  

_ m(1  + v) ['(S1122 + $3311) eT' A2 

+ ( S . ~ 1  + $3311) ~ -  

+ (S,133 + $3333)eL ) ~ - -  1 ( A . 4 )  

- - m[(1 - m)Q2(x)  - Rz(x)]/[2Fr(x)] B2 
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/ )2  m 

w h e r e  
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r f ( x )  
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